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Abstract
In this paper, we introduce a notion of α-Geraghty contraction type maps in the
setting of a metric space. We also establish some ﬁxed point theorems for such maps
and give an example to illustrate our results. Finally, we discuss the application of our
main results in the research ﬁelds of ordinary diﬀerential equations.
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1 Introduction and preliminaries
The Banach contraction principle [], which is a useful tool in the study of many branches
of mathematics and mathematical sciences, is one of the earlier and fundamental results
in ﬁxed point theory. Because of its importance in nonlinear analysis, a number of authors
have improved, generalized and extended this basic result either by deﬁning a new con-
tractive mapping in the context of a complete metric space or by investigating the existing
contractive mappings in various abstract spaces; see, e.g., [–] and references therein.
In particular, Geraghty [] obtained a generalization of the Banach contraction principle
in the setting of completemetric spaces by considering an auxiliary function. Later, Amini-
Harandi and Emami [] characterized the result of Geraghty in the context of a partially
ordered complete metric space. This result is of particular interest since many real world
problems can be identiﬁed in a partially ordered complete metric space. Cabellero et al.
[] discussed the existence of a best proximity point of Geraghty contraction.
Recently, Samet et al. [] obtained remarkable ﬁxed point results by deﬁning the notion
of α-ψ-contractive mappings. The authors of [] concluded also that several existing
results can be obtained as consequences of their main results. Very recently, Karapınar
and Samet [] introduced the concept of generalized α-ψ contractive mappings, which
was inspired by the notion of α-ψ-contractive mappings. Furthermore, they [] obtained
some ﬁxed point theorems for suchmappings and listed some of the consequences of their
main results.
In this paper, motivated by the developments discussed above, we deﬁne the concept of
α-Geraghty contraction typemaps in the setting of ametric space.Moreover, we prove the
existence and uniqueness of a ﬁxed point of suchmaps in the context of a complete metric
space. We give an example to illustrate our main theorem and consider an application of
our result in the area of ordinary diﬀerential equations.
©2013 Cho et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.
Cho et al. Fixed Point Theory and Applications 2013, 2013:329 Page 2 of 11
http://www.fixedpointtheoryandapplications.com/content/2013/1/329
For the sake of completeness, we recollect some basic deﬁnitions and remarkable results
on the topic in the literature.
Deﬁnition . [] Let T : X → X be a map and α : X × X →R be a function. Then T is
said to be α-admissible [] if
α(x, y)≥  implies α(Tx,Ty)≥ .
Deﬁnition . [] An α-admissible map T is said to be triangular α-admissible if
α(x, z)≥  and α(z, y)≥  imply α(x, y)≥ . ()
For more details for an α-admissible map and a triangular α-admissible map, see []
and [, ], respectively.
Lemma . [] Let T : X → X be a triangular α-admissible map. Assume that there ex-
ists x ∈ X such that α(x,Tx) ≥ . Deﬁne a sequence {xn} by xn+ = Txn. Then we have
α(xn,xm)≥  for all m,n ∈N with n <m.
We denote by F the family of all functions β : [,∞)→ [, ) which satisﬁes the condi-
tion
lim
n→∞β(tn) =  implies limn→∞ tn = .
By using such maps, Geraghty [] observed the following interesting results.
Theorem . [] Let (X,d) be a metric space, and let T : X → X be a map. Suppose that
there exists β ∈F such that for all x, y ∈ X,
d(Tx,Ty)≤ β(d(x, y))d(x, y). ()
Then T has a unique ﬁxed point x∗ ∈ X, and {Tnx} converges to x∗ for each x ∈ X.
2 Fixed point theorems
Let (X,d) be a metric space, and let α : X × X → R be a function. A map T : X → X is
called a generalized α-Geraghty contraction type map if there exists β ∈ F such that for
all x, y ∈ X,
α(x, y)d(Tx,Ty)≤ β(M(x, y))M(x, y), ()
whereM(x, y) =max{d(x, y),d(x,Tx),d(y,Ty)}.
Remark . Since the functions belonging toF are strictly smaller than one, condition ()
implies that
d(Tx,Ty) <M(x, y) for any x, y ∈ X with x = y.
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Theorem . Let (X,d) be a complete metric space, α : X × X →R be a function, and let
T : X → X be a map. Suppose that the following conditions are satisﬁed:
() T is a generalized α-Geraghty contraction type map;
() T is triangular α-admissible;
() there exists x ∈ X such that α(x,Tx)≥ ;
() T is continuous.
Then T has a ﬁxed point x∗ ∈ X, and T is a Picard operator, that is, {Tnx} converges to x∗.
Proof Let x ∈ X be such that α(x,Tx)≥ . Deﬁne a sequence {xn} ⊂ X by xn+ = Txn for
n ∈N. If xn = xn+ for some n ∈N, then xn is a ﬁxed point of T , and hence the proof is
completed. Thus, throughout the proof, we assume that xn = xn+ for all n ∈N.
By Lemma ., we have
α(xn,xn+)≥  ()




















≤ β(d(xn+,xn+))d(xn+,xn+) < d(xn+,xn+),
a contradiction.
Thus, we conclude that d(xn+,xn+) < d(xn,xn+) for all n ∈ N. So, the sequence
{d(xn,xn+)} is nonnegative and nonincreasing. Hence, there exists r ≥  such that
limn→∞ d(xn,xn+) = r. We claim that r = . Suppose, on the contrary, that r > . Then,
due to (), we have
d(xn+,xn+)
d(xn,xn+)
≤ β(d(xn,xn+)) < ,
which yields that limn→∞ β(d(xn,xn+)) = . Since β ∈F , we derive that
lim
n→∞d(xn,xn+) = . ()
We shall show that {xn} is a Cauchy sequence. Suppose, on the contrary, that {xn} is not a
Cauchy sequence. Thus, there exists  >  such that, for all k > , there existm(k) > n(k) > k
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with (the smallest number satisfying the condition below)
d(xm(k),xn(k))≥  and d(xm(k)–,xn(k)) < .
Then we have
 ≤ d(xm(k),xn(k))
≤ d(xm(k),xm(k)–) + d(xm(k)–,xn(k))
< d(xm(k),xm(k)–) + .
Letting k → ∞ in the above inequality, we have
lim
k→∞
d(xm(k),xn(k)) = . ()
By using () and (), we obtain limk→∞ d(xm(k)–,xn(k)–) = .



















Keeping () in mind and letting n → ∞ in the above inequality, we derive that
limk→∞ β(d(xn(k)–,xm(k)–)) = , and so limk→∞ d(xn(k)–,xm(k)–) = . Hence,  = , which
is a contradiction. So, we conclude that {xn} is a Cauchy sequence. It follows from the
completeness of X that there exists
x∗ = limn→∞xn ∈ X.
Since T is continuous, we get limn→∞ xn = Tx∗, and so x∗ = Tx∗, which completes the
proof. 
The continuity of the mapping T can be dropped. In the following theorem, we replace
the continuity of the operator T by a suitable condition.
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Theorem . Let (X,d) be a complete metric space, α : X ×X →R be a function, and let
T : X → X be a map. Suppose that the following conditions are satisﬁed:
() T is a generalized α-Geraghty contraction type map;
() T is triangular α-admissible;
() there exists x ∈ X such that α(x,Tx)≥ ;
() if {xn} is a sequence in X such that α(xn,xn+)≥  for all n and xn → x ∈ X as
n→ ∞, then there exists a subsequence {xn(k)} of {xn} such that α(xn(k),x)≥  for
all k.
Then T has a ﬁxed point x∗ ∈ X, and T is a Picard operator, that is, {Tnx} converges to x∗.
Proof Following the lines in the proof of Theorem ., we conclude that the sequence {xn},
deﬁned by xn+ = Txn for all n≥ , converges to x∗ ∈ X. Regarding () together with condi-
tion (), we deduce that there exists a subsequence {xn(k)} of {xn} such that α(xn(k),x∗)≥ 














Letting k → ∞ in the above equality, we get that
lim
k→∞
M(xn(k),x∗) = d(x∗,Tx∗). ()
Suppose that d(x∗,Tx∗) > . From (), for k large enough, we have M(xn(k),x∗) > , which
implies that β(M(xn(k),x∗)) <M(xn(k),x∗). By Remark ., we have
d(xn(k)+,Tx∗) <M(xn(k),x∗).
Letting k → ∞ in the above inequality, using (), we obtain that
d(x∗,Tx∗) < d(x∗,Tx∗),
a contradiction. Thus, we ﬁnd d(x∗,Tx∗) = , that is, x∗ = Tx∗. 
For the uniqueness of a ﬁxed point of a generalized α-Geraghty contractive mapping,
we consider the following hypothesis.
(H) For all x, y ∈ Fix(T), there exists z ∈ X such that α(x, z)≥  and α(y, z)≥ .
Here, Fix(T) denotes the set of ﬁxed points of T .
Theorem . Adding condition (H) to the hypotheses of Theorem . (resp. Theorem .),
we obtain that x∗ is the unique ﬁxed point of T .
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Proof Due to Theorem . (resp. Theorem .), we have a ﬁxed point, namely x∗ ∈ X. Let
y∗ ∈ X be another ﬁxed point of T . Then, by assumption, there exists z ∈ X such that
α(x∗, z)≥  and α(y∗, z)≥ . ()
















for all n ∈ N. Thus, the sequence {d(x∗,Tnz)} is nonincreasing, and so there exists u ≥ 




and so limn→∞ β(d(x∗,Tnz)) = . Consequently, we have limn→∞ d(x∗,Tnz) = , and hence
limn→∞ Tnz = x∗.
Similarly, we ﬁnd that limn→∞ Tnz = y∗. Thus, we get x∗ = y∗. 
3 Consequences
We start this section with the following deﬁnition.
Deﬁnition . Let (X,d) be a metric space, and let α : X × X → R be a function. A map
T : X → X is called α-Geraghty contraction type map if there exists β ∈ F such that for
all x, y ∈ X,
α(x, y)d(Tx,Ty)≤ β(d(x, y))d(x, y). ()
Theorem . Let (X,d) be a complete metric space, α : X × X →R be a function, and let
T : X → X be a map. Suppose that the following conditions are satisﬁed:
() T is an α-Geraghty contraction type map;
() T is triangular α-admissible;
() there exists x ∈ X such that α(x,Tx)≥ ;
() either T is continuous or
lim
n→∞ infα(xn,x) >  ()
for any cluster point x of a sequence {xn} with α(xn,xn+)≥ .
Then T has a ﬁxed point x∗ ∈ X, and {Tnx} converges to x∗.
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Theorem . Let (X,d) be a complete metric space, α : X × X →R be a function, and let
T : X → X be a map. Suppose that the following conditions are satisﬁed:
() T is an α-Geraghty contraction type map;
() T is triangular α-admissible;
() there exists x ∈ X such that α(x,Tx)≥ ;
() if {xn} is a sequence in X such that α(xn,xn+)≥  for all n and xn → x ∈ X as
n→ ∞, then there exists a subsequence {xn(k)} of {xn} such that α(xn(k),x)≥  for
all k.
Then T has a ﬁxed point x∗ ∈ X, and {Tnx} converges to x∗.
Theorem . Adding condition (H) to the hypotheses of Theorem . (resp. Theorem .),
we obtain that x∗ is the unique ﬁxed point of T .
Remark . We show that the interesting result of Geraghty [], Theorem ., is a conse-
quence of Theorem . and Theorem .. Indeed, let α(x, y) =  for all x, y ∈ X. Then T is
an α-Geraghty contraction type map. It is evident that all the hypotheses of Theorem .
and Theorem . are satisﬁed. Hence, T has a unique ﬁxed point.
Corollary . [] Let (X,
) be a partially ordered set and suppose that there exists a met-
ric d on X such that (X,d) is a complete metric space. Suppose that T : X → X is a map.
Assume that the following conditions are satisﬁed:
() there exists β ∈F such that
d(Tx,Ty)≤ β(d(x, y))d(x, y)
for all x, y ∈ X with y
 x;
() there exists x ∈ X such that x 
 Tx;
() T is increasing;
() either T is continuous or if {xn} is an increasing sequence with limn→∞ xn = x, then
xn 
 x for all n ∈N.
Then T has a ﬁxed point x∗ ∈ X, and {Tnx} converges to x∗. Further if, for any x, y ∈ X,
there exists z ∈ X such that z is comparable to x and y, then T has a unique ﬁxed point
in X.







Then from () we have α(x, y)d(Ty,Tx) ≤ β(d(y,x))d(y,x) for all x, y ∈ X, and so () is
satisﬁed.
Hence, the condition () of Theorem . is fulﬁlled. Since T is increasing, α(x, y) = 
implies α(Tx,Ty) =  for all x, y ∈ X. Thus, T is triangular α-admissible.
Condition () implies that there exists x ∈ X such that α(x,Tx) = , and so condi-
tion () of Theorem . is satisﬁed.
Condition () implies that condition () of Theorem . is satisﬁed.
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Thus, all the conditions of Theorem . are satisﬁed. By Theorem ., T has a ﬁxed point
in X. 
We give an example to illustrate Theorem ..
Example . Let X = [,∞), and let d(x, y) = |x – y| for all x, y ∈ X. Let β(t) = +t for all
t ≥ . Then it is clear that β ∈F .





x (≤ x≤ ),
x (x > )




 (≤ x, y≤ ),
 otherwise.
Condition () of Theorem . is satisﬁed with x = . Condition () of Theorem . is
satisﬁed with xn = Tnx = n .
Let x, y ∈ X such that α(x, y)≥ .
Then x, y ∈ [, ], and so Tx ∈ [, ], Ty ∈ [, ] and α(Tx,Ty) = . Hence T is α-
admissible, and hence () is satisﬁed.
We show that the condition () of Theorem . is satisﬁed.









d(x, y) – d(Tx,Ty)
= |x – y| + |x – y| –

 |x – y|
= |x – y|( – |x – y|)( + |x – y|)
≥ .
Hence, for ≤ x, y≤ , α(x, y)d(Tx,Ty)≤ β(d(x, y))d(x, y).
If ≤ x≤  and y > , then α(x, y) = , and we have α(x, y)d(Tx,Ty)≤ β(d(x, y))d(x, y).
Thus, all the hypotheses of Theorem . are satisﬁed, and T has a ﬁxed point x∗ = .
Note that () is not satisﬁed. In fact, for x = , y = , we have







4 Application to ordinary differential equations




– dxdt = f (t,x(t)), t ∈ [, ],
x() = x() = ,
()
where f : [, ]×R→R is a continuous function.
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t( – s), ≤ t ≤ s≤ ,
s( – t), ≤ s≤ t ≤ .
Let C(I) be the space of all continuous functions deﬁned on I , where I = [, ], and let
d(x, y) = ‖x – y‖∞ = supt∈I |x(t) – y(t)| for all x, y ∈ C(I).
Then (C(I),d) is a complete metric space.
Let φ : [,∞)→ [,∞) be a function satisfying the following conditions:
() φ is increasing;
() for each t > , φ(t) < t;
() β(t) = φ(t)t ∈F .
As examples of such functions, we can list the following φ(t) = t+t and φ(t) = ln( + t).
We consider the following conditions:
(a) there exists a function ξ :R →R such that for all t ∈ I , for all a,b ∈R with
ξ (a,b)≥ , we have
∣∣f (t,a) – f (t,b)∣∣≤ φ(|a – b|);


































(d) for any cluster point x of a sequence {xn} of points in C(I) with ξ (xn,xn+)≥ ,
limn→∞ inf ξ (xn,x)≥ .
Theorem . Suppose that conditions (a)-(d) are satisﬁed. Then () has at least one so-
lution x∗ ∈ C(I).









ds for all t ∈ I.








ds for all t ∈ I.
Then problem () is equivalent to ﬁnding x∗ ∈ C(I) that is a ﬁxed point of T .
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Let x, y ∈ C(I) such that ξ (x(t), y(t))≥  for all t ∈ I . From (a) we have








































Thus we have d(Tx,Ty) < β(d(x, y))d(x, y) for all x, y ∈ C(I) such that ξ (x(t), y(t))≥  for
all t ∈ I .




 if ξ (x(t), y(t))≥ , t ∈ I,
 otherwise.
Then, for all x, y ∈ C(I), we have





Obviously, α(x, y) =  and α(y, z) =  implies α(x, z) =  for all x, y, z ∈ C(I).
If α(x, y) =  for all x, y ∈ C(I), then ξ (x(t), y(t))≥ . From (c) we have ξ (Tx(t),Ty(t))≥ ,
and so α(Tx,Ty) = . Thus, T is triangular α-admissible.
From (b) there exists x ∈ C(I) such that α(x,Tx) = .
By (d), we have that for any cluster point x of a sequence {xn} of points in C(I) with
α(xn,xn+) = , limn→∞ infα(xn,x) = .
By applying Theorem ., T has a ﬁxed point in C(I), i.e., there exists x∗ ∈ C(I) such that
Tx∗ = x∗, and x∗ is a solution of (). 
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